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Abstract
The central aim of this paper is the study of the spectrum of the Hodge Laplacian on
differential forms of any order k in Lp . The underlying space is a C∞-smooth open manifold
MN with Ricci Curvature bounded below and uniformly subexponential volume growth. It will
be demonstrated that on such manifolds the Lp spectrum of the Hodge Laplacian on differential
k-forms is independent of p for 1p∞, whenever the Weitzenböck Tensor on k-forms is
also bounded below. It follows as a corollary that the isolated eigenvalues of ﬁnite multiplicity
are Lp independent. The proof relies on the existence of a Gaussian upper bound for the
Heat kernel of the Hodge Laplacian. By considering the Lp spectra on the Hyperbolic space
HN+1 we conclude that the subexponential volume growth condition is necessary in the case
of one-forms. As an application, we will show that the spectrum of the Laplacian on one-forms
has no gaps on certain manifolds with a pole or that are in a warped product form. This will
be done under less strict curvature restrictions than what has been known so far and it was
achieved by ﬁnding the L1 spectrum of the Laplacian.
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1. Introduction
The study of the interplay between curvature and the spectrum of elliptic operators
has a long history, as it is one of the central questions in Partial Differential Equations.
One aspect of this discourse is whether the spectrum of an operator varies among the
Lp spaces. Davies, Simon and Taylor show in [6] that the Lp spectra of the Laplacian
on functions are different when the manifold has exponential volume growth, whereas
Davies and Simon give two different Lp spectra for a Schrödinger operator on R
[5]. On smooth manifolds, the problem of the Lp independence of the spectrum of
elliptic and Schrödinger operators acting on functions has been intensively studied by
Simon, Hempel, Voigt and Sturm, who have developed the theory along with useful
tools for the study of such problems. Hempel and Voigt [15,14] have worked on such
results in the case of Schrödinger operators in RN. Sturm [20] later proved such an
independence result for a class of uniformly elliptic operators, including the Dirichlet
Laplacian on functions, when the manifold has Ricci Curvature bounded below and
uniformly subexponential volume growth. Using this result Wang [21] was able to
demonstrate that the Lp spectrum of the Laplacian on functions has no gaps (i.e. it
is [0,∞)) on open manifolds with Ricci Curvature asymptotically non-negative, which
was a great improvement over previous results.
As we will see, the Lp independence property is not only an interesting result on its
own, but it also allows us to prove the absence of gaps in the spectrum of the operator
under less strict curvature conditions. We do this by considering the L1 spectrum which
is usually easier to control.
Differential forms however, are a much more intriguing object geometrically and
topologically. Their much stronger connection to the geometry of the manifold is ex-
pressed in the fact that the spectrum of elliptic operators acting on forms is much harder
to control under weak curvature conditions. At the same time, this is what makes them
a more interesting object to work with. My former advisor Escobar, and Freire, have
studied the spectrum of the Hodge Laplacian on L2. They demonstrate that this spec-
trum has no gaps when the underlying manifold has a pole and a decay condition on
the full Curvature Tensor and its ﬁrst-order non-radial covariant derivatives [12].
We look for an independence result for the Hodge Laplacian on forms with the
purpose of determining the spectrum of this operator by considering the space L1,
where the case of functions promises that it might be easier to ﬁnd. The key tool
in proving this result was the use of the Bochner–Weitzenböck formula in order to
break the Hodge Laplacian into the sum of the Weitzenböck Tensor plus the Bochner
Laplacian, the latter being a symmetric operator. The Weitzenböck Tensor is related to
the curvature of the manifold and in the case of one-forms it is the Ricci Curvature
Tensor (see the result due to Gallot and Meyer [13] later). The Bochner–Weitzenböck
formula basically breaks down the Hodge Laplacian into a Schrödinger type of operator
which is much easier to control, as the Heat kernel of the Bochner Laplacian is a
Markov Semigroup and the Weitzenböck Tensor can be regarded as a potential that we
will be bounding below.
We begin with some preliminary deﬁnitions and in Section 2 we include the proof
of the Lp independence of the spectrum in Proposition 9 (note that in this context
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L∞ is taken to be the dual to L1). The method used is similar to that of Sturm [20],
and it relies strongly on ﬁnding a Gaussian type of bound for the Heat kernel of the
Hodge Laplacian. This will be done by using Kato’s Inequality which requires the lower
bound on the Weitzenböck Tensor. It will follow that the isolated eigenvalues of ﬁnite
algebraic multiplicity are Lp independent. We include the example of one-forms on the
Hyperbolic space HN+1 where the spectrum of the Hodge Laplacian does depend on
the space Lp, in order to justify the assumption on subexponential volume growth.
The above results demonstrate that the conditions for the Lp independence of the
spectrum are different based on the order of the forms, and that the conditions on
curvature, at least as we know so far, are identical for functions and one-forms.
In Section 3 we include how the above theorem can be used to prove that the
spectrum of the Laplacian on one-forms has no gaps in the case of a manifold with
a pole and Ricci Curvature asymptotically non-negative and non-negative along the
radial direction. Some extra conditions are required on the decay of the volume form
in the non-radial directions (see Proposition 16). This result is stronger than the result
of Escobar and Freire on one-forms [12]. We also have a similar result for the case
of a warped product. The decay functions used are similar to those in Wang, and we
look at one-forms in the radial direction.
We remark that the author has independently proved a similar Gaussian bound for the
Hodge Laplacian, under a slightly stronger curvature condition that would also imply
the results of Section 2. This bound was obtained via a standard perturbation argument
from the ultracontractive bound that the author proves in [2]. Such an ultracontractive
bound follows from the duality between the ultracontractivity of the Heat kernel and
the existence of an appropriate logarithmic Sobolev inequality for a symmetric operator.
So the use of Kato’s Inequality is not necessary for an Lp independence result for the
spectrum. In fact, the existence of an appropriate logarithmic Sobolev inequality would
be sufﬁcient. This technique opens the way to a generalization of the Lp independence
results to other symmetric operators acting on Tensor bundles over smooth manifolds.
1.1. Preliminary results and computations
We denote by k(MN), the space of differential k-forms on the Riemannian man-
ifold (MN, g). The metric g induces a pointwise inner product on forms which we
write (, ).
We denote the L2 inner product on k-forms by 〈, 〉 = ∫
M
(, ) and the Lp norm
as ‖‖p.
The Hodge Laplacian on differential k-forms is deﬁned as k = d + d where d
is covariant differentiation and  is its dual as an operator on forms in L2(). We will
usually just write  when the context is clear.
For a locally deﬁned orthonormal frame ﬁeld {Vi}i with dual coframe {j }j , such
that j (Vi) = ji , these operators are given by the following formulas:
d =
∑
j
j ∧DVj  = −
∑
i
i(Vi)DVi ,
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where DX is the Levi–Civita connection and i(Vi) denotes the interior product [22].
For ,  C∞ k-forms in M with compact support:
〈k, 〉 = 〈d, d〉 + 〈, 〉.
By this deﬁnition, we may consider k as a positive symmetric self-adjoint operator
over L2(k), the space of L2, k-forms in MN . We generalize this to the space Lp(k)
by considering the action of k on L2∩Lp(k) and seeing whether it can be extended
to Lp(k). This poses no problems when 1p∞ under the additional assumption
that L∞ is the dual to L1. We denote as kp the operator  acting on Lp(
k). We will
usually just write p for kp as the context is understood, and o for the Laplacian
on functions.
The Hodge Laplacian can also be written via the Bochner–Weitzenböck formula:
 = −
∑
i
D2ViVi −
∑
i,j
i ∧ i(Vj )RViVj ,
where D2XY = DXDY − DDXY is the second-order covariant differential and RXY =
DXDY −DYDX −D[X,Y ] is the Curvature Tensor.
Deﬁnition 1. We denote the operator Wk=−∑i,j i∧i(Vj )RViVj as the Weitzenböck
Tensor. It acts on k-forms as a derivation. A simple calculation shows that on one-forms
the following identity is true pointwise:
(W1, )x = Ricx(∗, ∗) where ∗ is the vector dual of the one-form  (for the
proofs see [22]).
According to a result of Gallot and Meyer [13], whenever (X, Y ) = (RXYY,X)xo
 |X∗∧ Y ∗|2, for all vectors X, Y with dual covectors X∗, Y ∗, then on each k-form
, (Wk, )xok(N − k)||2 [13]. In other words, when the curvature operator 
is bounded below, then so is the Weitzenböck Tensor, but the converse is not true.
Also note that as the sectional curvature is taken only over orthonormal vectors, a
lower bound on the curvature operator implies a lower bound on sectional curvature
(the same bound). The converse however, does not hold, in fact Gallot and Meyer give
examples in which this is not true. This fact also demonstrates that a lower bound on
the Weitzenböck Tensor is possibly stronger, when the order of the forms is greater
than one, than a lower bound on Ricci Curvature.
We let D2 = ∑i D2ViVi and in order to avoid a repeated use of summands, we
denote the pointwise inner product
∑
i (DVi,DVi) = (D¯, D¯).
Note that in the case of functions (D¯f, D¯g) = (df, dg).
It follows that
∫
M
(−D2, ) = ∫
M
(D¯, D¯) for all C∞ forms ,  when at least
one of the two has compact support [17].
The operator L = −D2 is called the Bochner Laplacian, and it is a positive symmetric
self-adjoint operator that can also be extended to any Lp space of k-forms.
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From our results it will follow as a corollary that the spectrum of the Bochner Lapla-
cian, is also Lp independent when acting on differential k-forms on a manifold with
Ricci Curvature bounded below, and uniform subexponential volume
growth.
So the Hodge Laplacian may be written as the sum k = L+Wk of a symmetric
operator plus a potential-type term.
For an operator H we denote ‖H‖, to be its norm from L to L. H∈B(Lp, Lq)
if it is a bounded operator from Lp to Lq . It is in B(Lp) if it is bounded on Lp.
We denote by (H) the spectrum of the operator H, and by 	(H), its resolvent. A
two tensor T acting on a bundle E over the manifold M is bounded below by −K,
if at every point x∈M, Tx(X,X) −K |X|2 for all X∈Ex . The norm is a pointwise
one.
As we said, a restriction on the volume growth of our manifold is necessary, in order
to avoid exponential growth.
Deﬁnition 2. A manifold MN has uniform subexponential volume growth if for any
ε > 0 there is a ﬁnite constant C such that for all r > 0 and x∈M ,
Vol(Br(x))C eε r Vol(B1(x)).
2. The Lp independence of the spectrum of the Hodge Laplacian
2.1. The main result
The proof of the Lp independence of the spectrum consists of two parts. If we denote
by p the Hodge Laplacian acting on Lp(k), it sufﬁces to show that (p) ⊂ (2)
and (p) ⊃ (2). The ﬁrst inclusion is the one that requires the Gaussian Heat
kernel bound and introduces the curvature restrictions. It is proved by a perturbation
argument. The second inclusion is proved by interpolating (2 − 
)−1 between (p −

)−1 and (p′ − 
)−1, where 1/p + 1/p′ = 1, for any 
 in the resolvent of p, after
we note that 	(p) = 	(p′). This inclusion requires the previous inequality in our
argument (or at least that all the Lp spectra contain the same segment of the negative
real line).
We will initially demonstrate how to obtain the Heat kernel bound. Under the as-
sumption that both the Weitzenböck Tensor and Ricci Curvature have a lower bound
on the manifold, one can use Kato’s formula and obtain a Gaussian bound for the Heat
kernel of the Hodge Laplacian on k-forms. This upper bound will simply be a multiple
of the corresponding Heat kernel for functions on the same manifold. We will be using
the bound for the Heat kernel of o estimated by Saloff-Coste [19] which holds when
the Ricci Curvature is bounded below.
When the Heat kernel of the Hodge Laplacian on k-forms exists, we will denote
it by Pk(t, x, y), and we denote as P(t, x, y) the Heat kernel for the Laplacian on
functions.
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We make the following remark: the Heat kernel of the Laplacian on differential
k-forms is given in matrix form pointwise, such that
Pk(t, x, y) =
∑
I,J
PIJ (x, y) I (x)⊗ J (y),
where {I (z)}I is the basis of k-forms at the point z and the I, J are multi-indexes
of length k over all positively oriented combinations of N elements.
The Heat operator acts on a k-form  via the following formula:
e−tk ()(y) =
∑
J
∫
M
∑
I
PIJ (x, y)
(
I (x), (x)
)
dx · J (y).
The Heat kernel for the Bochner Laplacian is deﬁned in the same way.
Deﬁnition 3. We say that the Heat kernel of the Hodge Laplacian has a pointwise
bound A(x, y), if |PIJ (x, y)|A(x, y) for all I, J with {I (.)}I an orthonormal
basis at each point.
We can deﬁne the heat kernel, also by extension, on L2(k). The following Theorem
due to Rosenberg gives us a way to ﬁnd pointwise bounds for the Heat kernel on
forms:
Theorem 4 (Sturm [20], Kato’s Inequality). On a manifold MN with the Weitzenböck
Tensor Wk − K1 on differential k-forms and with Ricci Curvature bounded
below,
| P(t, x, y)| et K1P(t, x, y).
This theorem has an immediate corollary:
Corollary 5. As the Heat operator of the Laplacian on functions is a Markov Semi-
group (i.e. it is a contraction on L∞ and therefore on every Lp) it follows that the
Heat operator of the Hodge Laplacian on k-forms is bounded on Lp for all 1p∞,
when the corresponding Weitzenböck Tensor is bounded below. When the Weitzenböck
Tensor is non-negative, then it is also a Markov Semigroup.
Rosenberg proves Kato’s Inequality by switching to a probabilistic context so that
he can use the Feynmann–Kac formula for the Heat kernel of the Laplacian. The lower
bound on the Weitzenböck Tensor is what allows him to do it.
The Heat kernel bound for o due Saloff-Coste [19] holds over more generalized
operators in divergence form, and it is an improvement of similar estimates that were
previously published by Cheng et al. [3]. We state it in our speciﬁc case:
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Theorem 6 (Saloff-Coste [19]). On a C∞ smooth manifold MN with Ric−K2, for
all t >0,
P(t, x1, x2)V −1/21 V
−1/2
2 exp
(
C
√
K2 t − 
2
4C′t
)
,
where C,C′ are positive and depend only on N, Vi = Vol(B√t (xi)), and =d(x1, x2).
Corollary 7. When a manifold has subexponential volume growth and Wk−K1 in
addition to the conditions of the theorem above, the Heat kernel of the Hodge Laplacian
on k-forms exists and is bounded by the following estimate:
| Pk(t, x, y)|  C(N,K2)(x)2 sup {t−N/2, 1}
×exp (−1d(x, y)) exp (−(+ 1)t) (1)
for all 1 and 2 in R, where =−1−C′22−K1−2
√
K2 and (x) = Vol(B1(x))−1/2.
We will be choosing 2 such that  is negative in case K1 is negative.
Proof. For r <1, when Ric−K2, we get from Bishop’s Volume Comparison Theorem
that
Vol(Br(x))−1(x)2
Vol(B−K21 )
Vol(B−K2r )
C(N,K2)(x)2 r−N,
where Vol(B−K2R ) is the volume of a ball of radius R on the simply connected manifold
of dimension N with constant sectional curvature −K2.
For r1, Vol(Br(x))−1(x)2.
From these results, and Kato’s Inequality it now follows that:
| P(t, x, y)|  C(N,K2)(x)(y) sup {t−N/2, 1}
×exp (+K1t + 2
√
K2t) exp
[
− d(x, y)
2
4C′(N)t
]
. (2)
From the property of subexponential volume growth, for all ∈R, there is a ﬁnite
number C such that:
Vol(B1(x))  Vol(B1+d(x,y)(y))C exp [(1+ d(x, y))]Vol(B1(y)).
So, (y)2  C(x)2 e−d(x,y). (3)
It is also well known that for all 2∈R exp (−2/4ct) exp (−2) exp (c 22 t) [20].
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Combining all of these results we obtain the upper bound in the corollary, by choosing
 such that 1 = /2+ 2. 
The following lemma is proved by Sturm on manifolds with subexponential volume
growth:
Lemma 8 (Sturm [20]). On a manifold with subexponential volume growth, for all
ε∈R
sup
x∈M
∫
M
e−εd(x,y)(x)(y) dy <∞. (4)
We are now ready to state and begin the proof of our main proposition:
Proposition 9. On an open manifold MN , the spectrum of the Hodge Laplacian p
acting on differential k-forms in Lp is independent of p, for all 1p∞ when the
following three conditions are met:
(i) the Weitzenböck Tensor acting on k-forms is bounded below such that Wk−K1,
(ii) the Ricci Curvature Tensor is also bounded below by Ric −K2 with K20 and
(iii) The manifold M has uniformly subexponential volume growth.
Proof. We will ﬁrst prove (p) ⊂ (2).
We start by choosing the real number  as in Corollary 7 to be negative. As a result,
 belongs to the resolvent of 2, 	(2), and we let V be any compact domain in
	(2) that contains .
Lemma 10. There exists a positive number m such that the operator (2 − 
)−m has
an integral kernel Gm
 satisfying
|Gm
 (x, y)|C(x)(y) exp (−εd(x, y)) (5)
for all 
∈V and some ε>0.
The proof of the ﬁrst inclusion will then follow easily from the above lemma. The
argument is based on the proof that Hempel and Voigt [14,15] give in their two papers
in the case of functions, and which is also followed closely by Sturm [20].
Due to Sturm’s estimate (4) found in Lemma 8, it immediately follows from
Lemma 10 that (2 − 
)−m is a bounded operator from L∞ to L∞ and by dual-
ity on L1. From the Riesz–Thorin Interpolation Theorem (a special case of the Stein
Theorem, we refer to [2] for a proof that it also holds in the case of forms) we con-
clude that (2 − 
)−m is bounded from Lp to Lp for all 1p∞ and for all 
∈V .
In particular, (2 − )−m is bounded for all real negative .
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For all negative reals , we have the following formula relating the integral kernel
of (p − )−m to the Heat Kernel of p:
(p − )−m =
∫ ∞
0
e−tp tm−1 et dt. (6)
However, e−t2
∣∣
L2∩Lp = e−tp
∣∣
L2∩Lp so the right-hand side of Eq. (6) is the same
on L2∩Lp for both operators p and 2. As a result (2−)−m agrees with (p−)−m
on L2 ∩ Lp for all  in an open interval contained in the negative real line (in fact
on all of the negative real line). It follows from unique analytic continuation that
(2 − 
)−m
∣∣
L2∩Lp = (p − 
)−m
∣∣
L2∩Lp
for all 
∈	(2), and the integral kernel of the operator (p − 
)−m agrees with Gm

on L2 ∩ Lp.
As mentioned above, estimate (5) implies that Gm
 is bounded on all of Lp, on
any compact subset of the resolvent V of 	(2) that contains . By unique extension,
(2 − 
)−m = (p − 
)−m on Lp and for all 
∈	(2). In other words, every point in
the resolvent of 2 is also contained in that of p.
By taking complements, this concludes the proof of (p) ⊂ (2).
Note that the reason we cannot extend (2 − 
)−m to be holomorphic for 
∈	(p)
is that we do not know whether it is bounded on L2 there.
We will now proceed to show the other inequality and leave the proof of
Lemma 10 at the end of the section.
We want to show that (2) ⊂ (p).
As we have previously said, the idea is to interpolate (2−
)−1 between (p−
)−1
and (p′ − 
)−1 for any 
 in the resolvent of p, where p and p′ are dual orders
such that 1/p + 1/p′ = 1, noting that 	(p)=	(p′).
We have shown that 	(p) ⊃ 	(2) and we know that (−∞, 0) ⊂ 	(2). Also
(p − )−1 =
∫ ∞
0
e−tp et dt for all ∈(−∞, 0). (7)
As e−tp
∣∣
Lp∩Lp′ = e−tp′
∣∣
Lp∩Lp′ it follows that
(p − 
)−1
∣∣
Lp∩Lp′ = (p′ − 
)−1
∣∣
Lp∩Lp′ for all 
∈(−∞, 0) (8)
and by unique analytic extension for all 
∈	(p)=	(p′).
For some 0 < s < 1, we now interpolate ps = 2 between p and p′, such that
1/ps = s/p + (1− s)/p′.
By the Calderón Lions Interpolation Theorem, we get an interpolated operator R(ps)

with a unique extension to the whole space Lps , continuous with respect to s, and which
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is holomorphic on 	(p). We want to show that R(2)
 = (2−
)−1 for 
 ∈ 	(p). By
analytic continuation it sufﬁces to show that they agree for 
 real and negative (note
that we cannot extend R(2)
 to all of 	(2) as we do not know whether it is bounded
on that set). By Eq. (7)
(p − 
)−1
∣∣
Lp∩L2 = (2 − 
)−1
∣∣
Lp∩L2 for all 
∈(−∞, 0).
Therefore on the space L2 ∩ Lp ∩ Lp′ and for 
∈(−∞, 0):
Id = (2 − 
)(p − 
)−1 , Id = (2 − 
)(p′ − 
)−1.
Interpolating again on this connected interval we get that (2 − 
) R(2)
 = IdL2 . As
(2− 
) is invertible on the negative real axis and R(2)
 is a right inverse, then R(2)
 =
(p − 
)−1 on the negative real line. 
Remark. By Proposition 3.1 in [15] it follows that the second inclusion holds when
the Heat kernel is ultracontractive and is bounded on all of the Lp spaces. So not all
the curvature conditions assumed are necessary for the second inclusion. As a matter of
fact, we will see in Theorem 14 that this inclusion may hold for the Hodge Laplacian
on manifolds with exponential volume growth.
We will now go back and prove Lemma 10.
Proof of Lemma 10. To prove that the operator (2 − 
)−m has an integral kernel, it
sufﬁces to prove that its norm as an operator from L1 to L∞ is bounded. This result
is true in the case of functions by the work of Dunford and Pettis [7] (see Theorem
2.2.6 in their paper). We will show that this result is also true in the case of the Heat
kernel on forms.
Lemma 11. Let MN be a C∞-smooth manifold. A separable operator A on differential
k-forms in k that is bounded from L1 to L∞ with bound So has an integral kernel
KIJ (x, y)I (x)⊗J (y), where {I (z)}I is a basis of k-forms at each point z such that
A = ∑I,J ∫M(KIJ (x, y) I (x), (x)dx)J (y) and such that for each of the matrix
entries ess supx,y∈M{|KIJ (x, y)|}So when the bases {I (.)}I are orthonormal at x
and y.
Proof. Note that the choice of basis does not affect the kernel; we can simply make a
pointwise change of variables to rewrite our result in terms of any frame. So what we
are going to do, is choose a global orthonormal basis for the I , which exists almost
everywhere on any C∞ complete open manifold. Then we will consider the operator
UIJ f = PJ (A fI ), on the set of functions f in L1, where PJ (x) = (,J )x, the
pointwise projection of a form  into the direction J .
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UIJ f will now be a bounded operator on functions from L1 to L∞, and by the
theorem in Dunford and Pettis, we conclude that it has a kernel KIJ (x, y) and fur-
thermore that the norm of UIJ is equal to the ess supKIJ (x, y). The matrix of the
KIJ can now be used to give the integral kernel for A. Note that we are in principle
missing some values on a set of measure zero which we can ﬁll out by changing a
new basis, but in any case we always just ‘know’ the integral kernel up to a set of
measure zero. 
With this result in mind, we will now prove that for some positive number m the
operator (2 − 
)−m has an integral kernel Gm
 pointwise bounded above by:
Gm
 (x, y)C(x)(y) exp (−εd(x, y)) for some ε > 0 and for all 
, where 
 is
in the compact subset V of the resolvent of 2. Recall that this set is arbitrary, other
than the fact that it must contain the negative real  of Corollary 7.
We let ∈ε = {∈ C1b : |∇()|ε}, and note that
sup{(x)− (y) :  ∈ ε} = ε d(x, y) for any x and y in M .
Then −1e2e−−1 is a perturbation of the operator 2 for  ∈ ε and 2(x) =
(Vol(B1(x)))−1.
If we can show that for any ∈ε
‖−1e(2 − 
)−me−−1‖∞,1C (9)
then this perturbed operator has by Lemma 11 above an integral kernel G
(x, y),
such that |G
(x, y)|C. Hence, the existence and the bound for the integral kernel of
(2 − 
)−m as in Lemma 10 will follow.
So we concentrate on proving the upper bound for the norm of the perturbed operator
as in Eq. (9). Using the resolvent equation, we may rewrite the operator in Eq. (9) for
all 
∈V as
−1e(2 − 
)−me−−1 =
m∑
j=1
(
m
j
)
(
− )j [−1e(2 − )−m/2e−]
×[e(2 − 
)−1e−]j [e(2 − )−m/2e−−1].
Showing that
‖e(2 − )−m2 e−−1‖2,1  C (a),
‖e(2 − 
)−1e−‖2,2  C (b),
‖−1e(2 − )−m2 e−‖∞,2  C (c),
will sufﬁce for proving inequality (9).
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Inequalities (a) and (c) are the ones that require the use of the Gaussian type of
Heat kernel estimates that we obtained, whereas (b), is simply a consequence of a
theorem found in Kato [16] that describes the invariance of the spectrum under certain
perturbations in the operator.
We will ﬁrst demonstrate how to prove (a) and (c): We consider the integral formula
for the operator (2 − )−m/2 which due to the fact the  is real looks like:
(2 − )−m/2 = Cm
∫ ∞
0
e−t2 t−
m
2 −1 et dt,
where Cm is just a constant depending only on m. Recall that  = −1−C′22 −K1 −
2
√
K2, with 2 any real number which we choose so that  is negative in case K1 is
negative. As e−t2 has an integral kernel with a pointwise bound given by Eq. (1) in
Corollary 7, we conclude that (2−)−m/2 also has an integral kernel Gm/2 on which
we get the following upper bound:
|Gm/2 (x, y)|  C(m,N,K2)(x)2 exp (−d(x, y))
×
∫ ∞
0
sup {t−N/2, 1} t−m2 −1 exp (−(+ 1)t)et dt
 C(N,K2)(x)2 exp (−d(x, y)) (10)
for all ∈R, by choosing m > N even, and as  is negative. Note that we could have
(y) instead of (x) in the last inequality due to the subexponential volume growth
of the manifold, as this property implies Eq. (3).
As a result for all ∈L2,
‖−1e(2 − )−m/2e−‖∞
= sup
y∈M
∣∣∣∣
∫
M
−1(y)e(y)(2 − )−m/2e−(x)(x) dx
∣∣∣∣
 sup
y∈M
∣∣∣∣
∫
M
[C2(y) exp (2(ε − )d(x, y))]2 dx
∣∣∣∣ ‖‖2
 sup
y∈M
C
∞∑
j=1
e[−2(−ε)(j−1)]
Vol(Bj (y))
Vol(B1(y))
‖‖2 C ‖‖2 (11)
by Bishop’s Comparison Theorem, and choosing  such that 2(− ε)>√(N − 1)K2.
This gives us inequality (c). Note that this is true for any ε.
Inequality (a) is proved by taking adjoints.
Finally in order to prove (b) we will use Theorem VI 3.9, due to Kato [16].
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We let T = T −2 = e2e−−2, and we would like to prove that the operator
T is 2-form bounded. So we consider the following inequality:
∫
M
(
(T  − 2), ¯
)
=
∫
M
(2e−, e¯)−
∫
M
(2, ¯)
= 〈D¯e−, D¯e¯〉 +
∫
M
(We−, e¯)− 〈D¯, D¯¯〉
−
∫
M
(W, ¯)
= −
∫
M
|∇|2(, ¯)+
∫
M
∑
j
DVj 2i
[(
Re  ,DVj (Im )
)
−(Im  ,DVj (Re ))]
ε2 ‖‖22 + 4ε
∫
M
||(D¯, D¯¯)1/2

(
ε2 + 2ε2 1

+ 2K1
)
‖‖22 + 2 〈2, ¯〉,
where the last inequality comes from the Cauchy Inequality and the assumption of a
lower bound on the Weitzenböck Tensor on differential k-forms.
With the coefﬁcients of the above inequality,
2
∥∥∥∥
(
ε2 + ε2 1

+ 4K1 + 22
)
(2 − 
)−1
∥∥∥∥
2,2
= 4
∥∥∥∥
(
ε2
2
+ ε
2
22
+ 2K1 + 

)
(2 − 
)−1 + Id
∥∥∥∥
2,2
.
So choosing ε =  and  small enough, we can bound the above norm by 1, provided
that 
 is in a compact set (in this case V ). It now follows from Kato’s Theorem, that

 belongs to the resolvent of T  and there exists a ﬁnite constant C such that:
‖e(2 − 
)−1e−‖2,2C
for all 
∈V. 
The Lp independence of the spectrum of the Hodge Laplacian, also implies the Lp
independence of the isolated eigenvalues of the operator. We state this result in the last
proposition for this section.
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Proposition 12. Let MN be a smooth open manifold that satisﬁes the properties (i),
(ii) and (iii) as in Proposition 9. For 1p , r∞ we let o be an isolated eigenvalue
with ﬁnite algebraic multiplicity of the spectrum of the Hodge Laplacian p on k-forms.
Then o is an eigenvalue of the spectrum of r with the same algebraic multiplicity.
Note that this implies that o would be a non-negative real. It also follows that the
corresponding eigenforms are also the same.
By the term isolated eigenvalue we refer to an isolated point in the complement of
the resolvent set of p. The result that o would be a non-negative real follows from
the fact that o would also have to be an eigenvalue in the spectrum of 2 which can
only have real non-negative eigenvalues. This proposition is proved exactly as in [15,1].
We simply write the Laurent expansion for the resolvent operator Rp() = (p−)−1
for  on a small positively oriented Jordan curve  around the eigenvalue o so that
the curve is contained in 	(p) and its interior does not contain any other points of the
spectrum. The Lp independence of the spectrum implies that the Laurent expansions
are identical for all the p, and the proposition follows, as the resolvents would have
the same poles, and of the same order as those for R2().
Corollary 13. The spectrum and the set of isolated eigenvalues of ﬁnite multiplicity are
Lp independent for the Bochner Laplacian on manifolds with Ricci Curvature bounded
below and subexponential volume growth.
We would like to note that the Lp independence on open manifolds with subex-
ponential volume growth versus ones with Ricci Curvature non-negative allows us to
expand our set of manifolds quite signiﬁcantly. For example, it might include spaces
like the Heisenberg group that do not admit a metric with non-negative Ricci Curvature,
but whose volume growth is polynomial.
Another example would be spaces M that have as a covering a simply connected
manifold M˜, for which the covering map  corresponds to the set of deck transfor-
mations. In these spaces, a lower bound on the Ricci Curvature of the covering space
implies the same lower bound on the Ricci Curvature of M when the metric of M is
the one induced by . Also a subexponential volume growth on the covering mani-
fold, implies a subexponential volume growth on M. This provides us with a way of
generating more spaces from pre-existing ones on which the Lp independence results
would hold.
We would also like to mention some Bochner-type Theorems in order to get an
idea for the set of eigenvalues and the spectrum of the Laplacian. The classic result
of Bochner, states that on a compact manifold with Ricci Curvature non-negative,
but strictly positive at a single point, there are no non-zero L2 harmonic one-forms.
Similarly, if Wk is non-negative, but strictly positive at a single point, then there are
no non-zero L2 harmonic k-forms. Elworthy and Rosenberg [10] generalize this result
to the case of compact manifolds that might have a small well of negative curvature.
Their approach for the general case of harmonic k-forms assumes a stochastic lower
bound for the Weitzënbock Tensor, which is more general than a simple lower bound.
Some more extensions are also found in [8].
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The same two authors provide some insight on what happens in the case of manifolds
with Ricci Curvature bounded below by a negative constant, which are not necessarily
compact. They prove that if there is a non-zero L2 harmonic one-form, Ric−C and
Ric>−C at a point, then o <C, where o is the lower bound of the real spectrum
of the Hodge Laplacian on one-forms. In the more general case, if Wk− Ck, then,
koo − Ck, where ko is the lower bound of the real L2 spectrum of the Laplacian
on k-forms. If there is a non-zero harmonic k-form, then o<Ck [9].
2.2. The Lp spectra of the Hodge Laplacian on one-forms in hyperbolic space
We will prove that the Lp spectra of the Hodge Laplacian on one-forms in the
hyperbolic space HN+1 vary among the spaces, and that they contain the parabolic
region that lies on and to the right of the curve
Rp =
(
N
q
+ is− 1
)(
N − N
q
− is− 1
)
s∈R.
In the case of p=2 the above set becomes the interval [ (N−2)24 ,∞) and we will show
that the L2 spectrum is contained in the interval [ (N−2)24 − 1,∞) for N4.
We denote the hyperbolic space HN+1 to be the set of points {(x, y) : x ∈ RN, y>0}
with metric
ds2 = 1
y2
(dx2 + dy2)
and where the volume element is dv = y−N−1 dx dy.
The Laplacian on functions is given by the following formula:
of = −yN+1 
y
(
y1−N f
y
)
− y2 xf,
where x = 2/x21 + · · · + 2/x2N is regular Laplacian in RN.
Theorem 14. For 1pq2 the parabola Rq belongs to the spectrum of 1p.
Proof. As the Weitzenböck Tensor on one-forms agrees with the Ricci Curvature, it
follows that on HN+1, W1 − N. By Kato’s Inequality, the Heat operator e−t1 is
bounded on all of the Lp spaces, as the Heat operator of the Laplacian on functions
is a contraction semigroup on this space. We also show in [2] that the Heat kernel
of the Hodge Laplacian is ultracontractive on manifolds with Ricci Curvature and
the Weitzenböck Tensor bounded below and with the volume of balls of radius one
uniformly bounded below as well. These bounds imply by Riesz Thorin Interpolation
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that the Heat kernel is also bounded from Lp to Lq for all 1pq∞. As a result,
the proof of Proposition 3.1 from [15] also works here and we conclude
(q) ⊂ (p) for 1pq2.
It therefore sufﬁces to prove that Rq belongs to (q). To do this, we will construct
a sequence of one-forms k with compact support such that
‖1qk − zk‖q
‖k‖q → 0 (12)
as k→∞, for all z∈Rq. We let k=fk dx, with fk=ck byN/q+is−1 and dx = dxi the
dual of one of the ﬁrst N coordinates xi in the metric. b = b(x) is a smooth function
with compact support in RN and ck = ck(y2) with support on the set y ∈ [e−k, k+ 1],
taking a constant value 1 on [e−k+1, k], and with ck ′Cek and ck ′′Ce2k.
Furthermore, we ﬁnd that (dxi) = d(xi) = 0 whereas (dy) = d(y) =
(N − 1)dy and after computing the Christoffel symbols for this metric, that
Dxi (dx
j ) = ij 1y dy, Dy(dxj ) = 1y dxj ,
Dxi (dy) = − 1y dxi and Dy(dy) = 1y dy.
For a function h and a differential k-form , we have the following formula for the
Hodge Laplacian:
(h) = (h)+ h− 2(∇∇h) (13)
which is found in [12].
A computation shows that
k =(fk) dx − 2∇∇fk (dx)+ fk(dx)
= ckbyN/q+is−1
[
(N/q + is − 1)(N −N/q − is − 1)]
−ckyN/q+is−1xb dx + C(N, q)c′k byN/q+is+1 dx
+C(N, q)c′′k byN/q+is+3 dx − ck yN/q+isbx dy,
where the coefﬁcient of the ﬁrst term is exactly the approximate eigenvalue z on
the parabola. As a result, the coefﬁcient of the numerator in (12) grows at a rate
ek + e2k(1−q) + ekq, whereas the denominator grows at least like e2kq . With q1, the
ratio tends to zero as k →∞. 
To prove that this is exactly the whole spectrum of the operator, is more difﬁcult
than in the case of functions. The reason is that we do not have an explicit formula
for the Heat kernel, nor are the Heat kernel estimates that we obtain from Kato’s
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Inequality strong enough to allow us to conclude that the resolvent is the complement
of these parabolic regions. In the case of L2 as we mentioned above we can ﬁnd a
lower bound for the spectrum. The method is similar to that for the case of functions
as it is found in [4] and it can be generalized in this particular case to an operator
acting on one-forms because of the special symmetries of the metric on Hyperbolic
space.
Theorem 15. The spectrum of the Hodge Laplacian on one-forms for the Hyperbolic
space HN+1 is contained in the interval [ (N−2)24 − 1,∞) for N4.
Proof. To prove this result, we will ﬁnd a constant  so that for all smooth one-forms
 with compact support, 〈, 〉〈, 〉.
We start with the following computations:
(ys) = −s(s −N) ys,
(ys dxi) = [−s(s −N)− 2s] ys dxi and
(ys dy) = [−s(s −N)− 2s +N − 1] ys dy.
The coefﬁcients in the last two equations are maximal when s = N−22 the ﬁrst one
being 1 = (N−2)24 and the second one 2 = N
2
4 .
Now for any  = Fdy + Gi dxi with i = 1 . . . N such that F and G are smooth
functions with compact support, we rewrite F = f and Gi = gi where  = y N−22 ∈
W
1,2
loc(H
N+1) and f, gi∈W 1,2c .
As a result,
〈(f dy), f dy〉 = 〈(f ) dy − 2∇∇f ( dy)+ f( dy), f dy〉
= 12 〈(f 2 dy), dy〉 + 12 〈f 2( dy), dy〉
+〈|∇f |2 dy, dy〉
= 2‖f dy‖2 + 〈|∇f |2 dy, dy〉
and similarly,
〈(gi dxi), gi dxi〉 = 1‖gi dxi‖2 + 〈|∇gi |2 dxi, dxi〉.
Furthermore,
〈(f dy), gi dxi〉 + 〈(gi dxi), f dy〉
= −2〈∇∇f (dy), gi dxi〉 − 2〈∇∇gi (dxi), f dy〉
= −2〈yfy dy), gi dxi〉 − 2〈ygiy dxi, f dy〉
 − ‖|∇f | dy‖22 − ‖gi dxi‖22 − ‖|∇gi | dxi‖22 − ‖f dy‖22.
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The three inequalities imply that
〈, 〉 inf{1, 2} ‖‖22 − ‖‖22. 
3. The L1 spectrum of one-forms
In this section we will be looking at the L1 spectrum of the Hodge Laplacian on
one-forms over open manifolds with Ricci Curvature asymptotically non-negative and
that contain pole. Under some extra curvature restrictions we observe that by applying
Proposition 9 from Section 2, the spectrum of the Hodge Laplacian is the non-negative
real line for all Lp, 1p∞. In the last proposition, we also examine the case of a
Warped product space, with similar curvature conditions.
In the case of functions the equivalent question is easier to answer in a much broader
context as one tries to bound the Laplacian and gradient of the radial function r from
a single point in the manifold. In the case of functions and with Ricci Curvature
asymptotically non-negative Wang [21] was able to show that the spectrum on the
Laplacian on 0-forms has no gaps and it is in fact [0,∞). Many similar results can be
found in the work of Escobar [11] in the case of radially symmetric metrics. The case
of forms however, is more complicated as there is no equivalent of the radial functions.
Escobar and Freire have been the only ones who tackled the problem so far (see [12]).
They have proved the absence of gaps in the spectrum on manifolds with a pole, with
radial sectional curvature that decays like c
r2
(where r is the distance to the pole) and
under a further decay condition on the full curvature tensor and its ﬁrst-order covariant
derivatives in the ‘transversal’ direction. Their technique was to start with a form of
bounded norm on the hypersurface that is at distance one from the pole and then take
its parallel transport radially to create global bounded k-form. With appropriate radial
functions k and the above curvature conditions they were able to create a set of forms
k with L2 norm bounded below, but such that ‖(k)− k‖2 tends to zero as
k tends to inﬁnity, and for all 0.
In our case, we will simply look at certain manifolds with a pole, or that are in
the form of a warped product. We try to simulate the behavior of the radial function
by using the covector dr. Its Laplacian and gradient however, are more complicated
to control, hence we need to impose stricter conditions on the metric than in the case
of functions found in [11]. Escobar and Freire have also studied the case of a surface
with a pole, but they still need the strong decay condition on Gaussian curvature. As
will be seen in our propositions that follow, our curvature conditions will be less strict
and we will be looking at the case of an N -dimensional manifold.
We will now consider manifolds MN with a point q such that outside a compact set
Bq(ro) they are of the form M \Bq(ro) = {(ro,∞) ×Mo}. Mo is a compact N − 1
dimensional manifold with metric g˜(), and such that the induced metric on M\Bq(ro)
is: g= dr2 + f (r, )2g˜. f is a non-negative smooth function in both variables. This
is a class of manifolds with a pole, but more general than the rotationally symmetric
ones.
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We will be considering one-forms of the type k dr where we set k to be the
same radial function that Wang uses in [21]:
k(x) = k
(
r(x)
k
)
exp{i√ r(x)}
with k =
[
Vq(2(k + 1))− Vq(ε(k − 1))
]−1
and (r) is a smooth function such that
(r) =1 for 2εr1 and (r)=0 for r2 or rε. We also ask that 0(r)1
and |′′(r)|C(ε).  can be any non-negative real. Here the constant ε is chosen to
satisfy Lemma 2 in [21], and which applies when Ricci Curvature is asymptotically
non-negative. We will be making this assumption in our case, and we will further
require that Ric(r, r)0.
We will be showing that
∫
M
|(kdr) − kdr|dx → 0 as k → ∞, whereas∫
M
|kdr|dxC. This is enough to prove that any non-negative real  is in the essential
L1 spectrum of the Hodge Laplacian on one-forms and thus the spectrum of p is
[0,∞) for all 1p∞.
In our case, (∇∇k )(dr) = k ′Dr dr = 0 for r large enough, because the rays along
the coordinate vector r are a geodesics. As a result, by using formula (13) mentioned
earlier and for k large enough
∫
M
|(kdr)− kdr| dx
∫
M
|(k)− k| dx +
∫
M
|k(dr)| dx. (14)
With these preliminary remarks, let us now state the proposition for the absence of
gaps in our spectrum:
Proposition 16. Let MN be a smooth manifold such that outside a compact set Bq(ro)
it is of the form M \ Bq(ro) = {(ro,∞) ×Mo}. Mo is a compact N − 1 dimensional
manifold with metric g˜(), such that the induced metric on M \Bq(ro) is g =
dr2 + f (r, )2g˜ with f a non-negative smooth function in both variables and r(x) the
distance from the point x to a ﬁxed point q.
We assume that the Ricci Curvature of the manifold is bounded below and satisﬁes
the following two conditions outside Bq(ro):
(i) It is asymptotically non-negative such that Ric(x)(N)r−2(x) where (N) is a
small constant depending only on the dimension of the manifold, and
(ii) Ric(r, r)0.
Furthermore, we require
|(∇T Hr) f (r)|C r for some <0 and for r large enough. ∇T denotes the gradient
of the function in the non-radial direction (transversally) and Hr is the Mean curvature
of each hypersurface N−1r of the set of points at distance r from the pole q.
Then the Lp spectrum of the Hodge Laplacian p on one-forms is [0,∞).
Proof. Under the assumption of Ricci Curvature bounded below and asymptotically
non-negative outside a compact set, the volume estimates of Lemma 2 in [21] hold
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true and he also shows that the manifold has uniformly subexponential volume growth
as is required for the Lp independence of the spectrum. Wang proves that in this case,
∫
M
|kdr|dx =
∫
M
|k|dxC
for k sufﬁciently large. Furthermore, the ﬁrst term in the right-hand side of Eq. (14)
is the term that Wang has in the case of functions and he proves that it tends to zero
as k gets inﬁnitely large whenever 0.
It remains to show that the second term in the right-hand side of (14) also tends to
zero. This is the hardest term to bound in all approaches to the topic so far.
We note that (dr) = d(r) as the covariant derivative commutes with the Laplacian.
By deﬁnition h = −trace(Hessh) where
Hessh(X, Y ) = D2h(X, Y ) = DXDY (h)−DD
X
Y (h).
When |∇h| = 1, Hessh is the second fundamental form on the submanifold of the
form h−1(Ko). As in this case ∇r = r and |r| = 1, outside Bq(ro), Hess r is the
second fundamental form on each hypersurface a={x : r(x) = a} with a constant.
By deﬁnition, r(a)= Trace(Hess r)(a) = Ha where Ha is the Mean curvature on
each a. So the last requirement in the Proposition, is basically a bound on the growth
of the non-radial derivatives of r.
Calculation of the Christoffel symbols for this manifold, gives us the Hessian of the
radial function r outside the compact set,
Hess r = fr
f
(g − dr2)
where fr = fr . It follows that r =−(N−1)
fr
r
. According to the Bochner equation
that holds pointwise on the manifold:
− 12(|∇h|2) = ‖Hessh‖2 −
(∇h,∇(h))+ Ric (∇h,∇h). (15)
For the radial function r, Eq. (15) gives that Ric (r, r) = −(N − 1) frr
f
.
Under the assumption of Ric(r, r)0, frr0 outside the compact set around q.
By ﬁxing the value of  and considering f along a single ray, we conclude that fr
is monotone decreasing along each ray, and if fr(so) < 0 at some point soro, the
Mean Value Theorem and the fact that frr0 imply that on [so,∞)
f (t)f (so)+ fr(so)(t − so).
As t becomes inﬁnitely large, this implies that f becomes negative, which is a contra-
diction. Therefore fr0 on [ro,∞).
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We let v(t) = fr (t)
f (t)
0 for tro.
Then along each ray outside the compact set,
v′ + v2 = − 1
N − 1Ric(r, r)0
which implies that v′0. When rro we have the following estimate for v(r):
∫ r
ro
v′
v2
dt
∫ r
ro
−1 ⇒ 1
v(r)
 1
v(ro)
+ r − ro ⇒ v(r) 1
r −  (16)
for some constant  depending on the manifold, and remark that v0.
We point out that the covariant derivative d is independent of the choice of basis,
so we let {i} to be an orthonormal basis on (Mo, g˜) extend it to M and set {di} to
be the dual of this basis. We deﬁne Sε to be the set where ε(k − 1)r(x)2(k + 1)
and we make the following computation:
∫
M
|k(dr)| dx  k
∫
Sε
|d(r)| dx
= k
∫
Sε
∣∣∣∣ r (r)dr
∣∣∣∣ dx + k
∫
Sε
∑
i
∣∣∣∣ i (r)di
∣∣∣∣ dx
= −k(N − 1)
∫
Sε

r
(v) f dr d+ k
∫
Sε
∑
i
∣∣∣∣ i (r)
∣∣∣∣ |f | dx
 kC
∫
Mo
[
−v f
∣∣∣2(k+1)
ε(k−1) +
∫ 2(k+1)
ε(k−1)
v fr dr
]
d
+k
∫
Sε
∑
i
∣∣∣∣ i (r)
∣∣∣∣ |f | dx
 k
C
εk − 
∫
Mo
f (ε(k − 1), ) d
+k
C
(εk − )2
[
Vq(2(k + 1))− Vq(ε(k − 1))
]
+k
∫
Sε
∑
i
∣∣∣∣ i (r)
∣∣∣∣ |f | dx
= kA(ε(k − 1))
C
εk −  +
C
(εk − )2 + k
∫
Sε
∑
i
∣∣∣∣ i (r)
∣∣∣∣ |f | dx
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The fact that Ricci Curvature is asymptotically non-negative gives us that kA(ε(k−1))
grows like 1
k
(see [21]). The last term is bounded because of the condition on the growth
of the Mean Curvature on the a as noted above.
Note that if f =f1(r) f2() then r = f1 ′f1 and as a result the derivatives of r
in the non-radial direction would vanish, so only conditions (i) and (ii) would sufﬁce
in the case of rotationally symmetric manifolds when f = f (r).
So the right-hand side of the inequality above tends to zero as k goes to inﬁnity,
and we therefore have the required condition for  to belong to the spectrum of the
Hodge Laplacian on 1-forms. 
This result improves the known result on one-forms, as we no longer have such
a strong decay bound on sectional curvature (see [12, Theorem 4.5]). In the case of
radially a symmetric metric on a manifold with a pole, as mentioned above, there is
not even a requirement on the decay of curvature in the non-radial direction. It is
limited however, only to one-forms as we have only considered forms in the covariant
direction dr. Escobar and Freire have a result for the general case of k-forms, and so
far it seems that in this more general case we don’t have an advantage by using the
L1 spectrum of the Laplacian.
The last case that we are going to look, is the one of warped products. Unlike the
previous class, which includes manifolds like a paraboloid, this class allows for the
class of line bundles over a compact set, or in general ﬂat bundles over a compact set
(for example a cylinder).
The manifold that we will consider will be a product space of the form (−∞,∞)×f
M˜N−1 with metric g = d2+f 2() g˜, where f0 smooth and (M˜, g˜) is a smooth
compact Riemannian manifold. As the Christoffel symbols only depend on the metric,
it is still true that the radial lines along  are geodesics. We also get the same
formula for the Hessian of the radial function , Hess = f
f
(g − d2). What needs
to be pointed out, is that (x) here represents the ‘distance’ of each point x from the
submanifold {0} × M˜ and it is positive or negative depending on which end of the
warped product the point lies on. This is the reason why we will require M˜ to be
compact, so that we can talk easier about the asymptotic behavior of the manifold and
be a able to deﬁne the volume of the set of point that are at a certain distance from
{0} × M˜.
We will assume that the manifold is a warped product of this form for ||o>0. In
other words M = Mo ∪ {(−∞,−o)∪ (o,∞)}×f M˜, with the warped product metric
on the cross product part, and smoothly joined together to a compact set Mo. We
will require Ricci Curvature to be bounded below and the manifold to have uniformly
subexponential volume growth. The fact that we exclude a part of the manifold from
the warped product form, means that we can relax a little bit the assumptions for
the function f () on a compact set. For example, in 2 dimensions, we can have a
manifold M that is a surface of revolution formed by rotating a smooth function f (x)
about the x-axis and f is constant outside a compact set, but f ′′ can take any real
value inside the compact set, so long as f is kept positive. Due to our assumptions,
we have the Lp independence of the spectrum, and we will show that the spectrum
is [0,∞).
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We conclude that  = −(N − 1) f
f
outside Mo, and Bochner’s formula, also
gives that Ric (, ) = −(N − 1) f
f
. Under the assumption of Ric (, )0,
f is again a non-negative concave function outside [−o,o] with the property f0
because otherwise f would reach a negative value asymptotically. Note that here we
take f =  (f ) where the coordinate vector  is well deﬁned on M \Mo and it
points away from Mo.
Furthermore, if v(t) = f
f
(t), v satisﬁes the same ODE as the one in the case of
rotationally symmetric manifolds, so there is an  such that v() 1||− outside Mo.
Proposition 17. Let M be a smooth Riemannian manifold of the form: Mo ∪
{(−∞,−o) ∪ (o,∞)}×f M˜, with metric g = d2 + f 2() g˜, for  > o and
f a positive function. MNo , is a compact subset of M of diameter 2o and (M˜, g˜) is
a compact smooth manifold. We assume that the Ricci Curvature of the manifold M is
bounded below, and that it has uniformly subexponential volume growth. We make the
further assumption that Ric (, )0 for >o.
Then the Lp spectrum of the Hodge Laplacian on one-forms is [0,∞).
Proof. For t >o we deﬁne V¯ (t) to be the volume of the set of points that are in
Mo ∪ {(−t,−o)}×f M˜ ∪ {(o, t)}×f M˜.
A¯(t) is the area of the boundary of this set for t > o and it is equal to f (t)A(M˜)
where A(M˜) is the area of M˜ with respect to the metric g˜. We set A(M˜) = Ao.
We will be considering one-forms in the radial direction as in the previous cases,
k() d, and more speciﬁcally:
k(x) = k
(
(x)
k
)
exp{i√ (x)},
where we set k =
[
V¯q(2(k+ 1))− V¯q(ε(k− 1))
]−1
and  has the same properties as
in Proposition 16. As  is not the distance function from a point, we have to prove
certain results about its behavior in order to show that the k d are the approximate
eigenfunctions for each 0.
Here (x) can take both negative and positive values, and for x outside Mo, |(x)| =
o + inf{d
(
x, {−o} × M˜
)
, d
(
x, {o} × M˜
)} with sign depending on which end it is
closer to. It is deﬁned similarly for points inside Mo. We begin by choosing k large
enough so that we are only considering points outside Mo.
Identity (13) also holds, and as the lines along  are geodesics, the gradient term
also vanishes in this case. So we need to show that the equivalent of Eq. (14) also
vanishes as k gets inﬁnitely large. But ﬁrst we will prove some volume and area decay
estimates that would allow us to do this. We try to show results that are similar to
those of Lemma 3 in [21], but instead of volumes of balls that are centered at a point,
we now considering the volumes of sets with  bounded. In all of the calculations
below we assume that >o.
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As 0v() = f ′
f
() 1||− we have the following estimate:
log
(f (2)
f ()
)
=
∫ 2

(log f (t))′ dt
∫ 2

1
|t | −  dt log
2− 
− 
⇒ f (2)
f ()
 2− 
−  3.
Similarly, for |R|> |r| with R and r having the same sign,
f (R)
f (r)
 |R| − |r| −  . (17)
Letting Vo be the area of the compact set Mo we compute:
V¯ (2) = Vo +
∫ −2
−o
∫
M˜
f (t) dt d+
∫ −2
o
∫
M˜
f (t) dt d
= Vo + Ao
∫ −
−o/2
2 f (2) d+ Ao
∫ 
o/2
2 f (2) d
 Vo + 6Ao
∫ −
−o/2
f () d+ 6Ao
∫ 
o/2
f () d
 6V¯ () = C1 V¯ (). (18)
We would like to ﬁnd a small positive ε such that for all  large enough, V¯ ()
2C12 V¯ (ε). As f is an increasing function as  increases absolutely,
∫ 
o
f (t)dt =
∫ ε
o
f (t) dt +
∫ 
ε
f (t) dt

∫ ε
o
f (t) dt + (1− ε)f (ε)
[
1+ (1− ε)
ε− o
] ∫ ε
o
f (t) dt.
The same inequality holds for the integral of f for negative distances. We now choose
ε so that (1−ε)
ε−o grows at least like 2C1
2 + 1=73. With this choice for ε,
V¯ () = Vo + Ao
∫ −
−o
f (t) dt + Ao
∫ 
o
f (t) dt
 Vo + (2C12 + 2)Ao
[∫ −ε
−o
f (t) dt +
∫ ε
o
f (t) dt
]
 2C12V¯ (ε) (19)
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the last inequality following because Vo is bounded, so for  large enough
∫ ε
o
f (t) dt
2C12Vo.
Estimate (17) on f also implies that for any 12 and ||> |o| and large enough
A¯()
A¯()
= f ()
f ()
 || − || −  C2.
This last inequality gives us
A¯(ε)  C
ε
∫ ε
ε/2
A¯(t) dt = C
ε
V¯ (ε) C
2C12 − 1
1
ε
[
V¯ (2)− V¯ (ε) ]
= C3

[
V¯ (2)− V¯ (ε) ] (20)
as V¯ (2)− V¯ (ε) V¯ ()− V¯ (ε) (2C12 − 1)V¯ (ε).
Finally we know that 0 = −(N − 1)v() − (N − 1) 1||− .
Now we will go back to proving that these one-forms are approximate eigenforms.
Wang makes the following computation [21]:
|(− )k(x)| 
4
k2
k
∣∣∣′′ (
k
)∣∣∣+ 8
√

k
k
∣∣∣′ (
k
)∣∣∣+ k 1
k
∣∣∣′ (
k
)∣∣∣ ||
+√ k
∣∣∣′ (
k
)∣∣∣ || +  k ∣∣1− |∇|2∣∣
with the last term being zero in our case. We set
Sε = {x : ε(k − 1)|(x)|2(k + 1)}
and recall that k = Vol(Sε)−1.
Then for k large enough so that ε(k − 1) is admissible:
∫
M
|(− )k(x)| dx 
C
k
k
∫
Sε
dx + Ck
∫
Sε
|| dx
 C
k
+ Ck
∫
Sε
1
|| −  dx
 C
ε(k − 1)− 
C
k
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and
∫
M
|(kdr)− kdr| dx
∫
M
|(k)− k| dx +
∫
M
|k(dr)| dx
 C
k
+ k
∫
Sε
(N − 1)|dv| dx
= C
k
+−kAo
[∫ 2(k+1)
ε(k−1)
v′(t)f (t) dt +
∫ −2(k+1)
−ε(k−1)
v′(t)f (t) dt
]
= C
k
+ CkAo
[
−v f
∣∣∣2(k+1)
ε(k−1) − v f
∣∣∣−2(k+1)−ε(k−1) +
∫ 2(k+1)
ε(k−1)
v f ′ dt +
∫ −2(k+1)
−ε(k−1)
v f ′ dt
]
 C
k
+ CkAo
f (ε(k − 1))+ f (−ε(k − 1))
ε(k − 1)−  +
C
( ε(k − 1)− )2
 C
k
+ CkA¯(ε(k − 1))
1
k
+ C
( ε(k − 1)− )2
 C
k
as we have shown that kA¯(ε(k − 1)) C3k+1 in inequality (20).
We conclude the proof by providing a uniform positive lower bound on the L1 norm
of our one-forms. We use inequalities (18) and (19) found above to estimate:
∫
M
|k(x) d| dx = k
∫
Sε

(
k
)
dx k
[
V¯ (k − 1)− V¯ (2ε(k + 1))]
 V¯ (k − 1)
V¯ (2(k + 1)) −
V¯ (2ε(k + 1))
V¯ (2(k + 1)) 
V¯ (k − 1)
V¯ (4(k − 1)) −
1
2C22
 1
C2
2 −
1
2C22
 1
2C22
. 
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